Abstract: Nonlinear weak solution theory is applied to determine the parameters of a wide cluster in an 'anisotropic' higher-order traffic flow model. These parameters are the maximal and minimal densities and the traveling wave speed in the solution structure. Numerical experiments show that the convergent simulation results are in good agreement with those that are obtained from the analytical expressions.
In the macroscopic description that considers traffic vehicles as a continuum fluid, the higher-order models receive much attention because of their ability to reproduce stop-and-go waves or clusters. These models are mostly of the P-W [1] [2] or K-K type [3] [4] , for which many properties of clusters have been investigated. We remark that the formation of a cluster embodies a mechanism of physical metastability in which traffic flow may evolve from one steady state into another stable state under a small perturbation [5] [6] [7] [8] [9] [10] . These models are 'isotropic', which means that a perturbation propagates both upstream and downstream from the perturbed media, because the two characteristic speeds λ 1 = v − c and λ 2 = v + c (where the sound speed c > 0) are respectively smaller and greater than the motion speed v. The propagation that corresponds to λ 2 is regarded to be physically unsound in traffic flow, because vehicles are influenced by the traffic upstream [11] . As a consequence, some 'anisotropic' higher-order models have been developed in recent years, which are distinguished by the two characteristic speeds λ 1 = v − c and λ 2 = v [12] [13] [14] [15] .
In this paper, we apply the weak solution theory of hyperbolic conservation laws to higher-order traffic flow models. Accordingly, we are able to confirm whether or not the solution structure of a wide cluster exists, and analytically determine the maximal and minimal densities and traveling wave speed of such a solution. In this context, we choose the model in Ref. [13] as an example, because it has an elegant expression of acceleration by which a conservation form can be easily defined.
With the density notated as ρ(x, t), the velocity as v(x, t), and the flow as q = ρv in location x and at time t, traffic flow can be viewed as a continuum, the mass conservation of which reads:
We rewrite the acceleration equation in Ref. [13] in the following conservation form:
where the sound speed c is constant. Therefore, Eqs. (1) and (2) constitute a complete conservation system for a weak solution. Furthermore, we apply a non-convex velocity-density relation
where v f is the free-flow velocity and ρ m is the maximal density. This function is similar to that in Ref. [3] [4] . Other non-convex functions that are given in Ref. [8] are also applicable to our discussion. In the following, we investigate the existence of a traveling wave solution to Eqs. (1) and (2) , that represents a wide cluster in the density-space plane with determined maximal and minimal densities and traveling wave speed. Dimensionless variables or functions are adopted in all of the illustrations and subsequent discussions, and each is distinguished from the original variable by an overhead bar such that the density is scaled by ρ m (e.g.,ρ = ρ/ρ m ), the velocity by v f , the flow by ρ m v f , and the length by L, where L is the computational length.
The traveling wave solution is a steady state through the transformation X = x − at. Taking three constant density segments, which are represented by ρ = ρ 1 , ρ = ρ 2 , and ρ = ρ 1 in X-ρ coordinates ( Fig.1(a) ) and which correspond to the two phase states (ρ 1 , q e (ρ 1 )) and (ρ 2 , q e (ρ 2 )) in the fundamental diagram ( Fig.1(b) ), we study the complete traveling wave solution for this problem. Two adjacent constant states can be connected by a smooth piece of curve ρ = ρ(X), which is determined by Eqs. (1) and (2). Alternatively, the states can be separated by a discontinuity that is determined by the Rankine-Hugoniot jump conditions according to the conservation equations. We first rewrite the solution as ρ = ρ(X) and v = v(X) in Eqs. (1) and (2), which yields
where g = ρ[τ (v − a)] −1 and A is the integration constant (see Ref.
[2] for a similar derivation). The last equality of (3) indicates that the transitional curve corresponds to a segment of the straight line between the ρ 1 and ρ 2 phase states in Fig.1(b) . The slope a and the constant A are accordingly determined to be
It is obvious that g(ρ, v) > 0 and A < 0. Moreover, a larger τ gives a smaller slope dρ/dX, and thus a smoother transitional layer. Also note that the velocity v of the state in Fig.1(b) is the slope of the straight line that links this state to the origin. For the downstream front ( Fig.1(a) ), we must have dρ/dX < 0. Assume that (ρ b , q e (ρ b )) is the intersection of the curve q = q e (ρ) and the segment ρ 1 ρ 2 ( Fig.1(b) ) with q e (ρ b
For the upstream front ( Fig.1(a) ), it is required that dρ/dX > 0 and consequently that cρ + A be positive in ρ 1 ρ b but negative in ρ b ρ 2 . This is contrary to the scenario in the downstream front and the fact that cρ+A is increasing in ρ. Thus, we must introduce a discontinuity that propagates at the same speed a to separate the two adjacent constant states. For a conservative system with a source term that is a bounded function of the solution variables, the Rankine-Hugoniot jump conditions can be applied, which take the same form as the conditions in the corresponding homogeneous system (see Ref. [2, 10, [16] [17] [18] [19] [20] [21] [22] [23] to learn how the conditions are applied in traffic flow problems). This application also gives the first equality of (4) and
We now have five unknowns, ρ 1 , ρ 2 , ρ b , a, and A, which can be uniquely determined from the five equations in (4)- (6) . Using the scaled dimensionless variables, onlyc (but not the parameters v f and ρ m ) in a certain range is needed to computeρ 1 ,ρ 2 , etc. (see Table 1 ). These approximate values are shown in Table 1 forc = 0.45 toc = 0.6 in increments of 0.01. Note that the sound speedc that is smaller than 0.51 is not physically valid, because the correspondingρ 2 is greater than 1. To generate a wide cluster through numerical simulation, we take the following initial and boundary conditions
which are also similar to those in Ref. [3] [4] . Here, the last term in ρ(x, 0) represents a perturbation to a stationary condition with a constant density ρ = ρ 0 that may be unstable and evolve into stopand-go waves. The parameters are taken as ρ m = 0.15veh./m, v f = 30m/s, L = 20000m,ρ 0 = 0.22, and ∆ρ 0 = 0.08. Fig.2 shows that the values of the maximal and minimal densities and the traveling wave speed agree very well with those in Table 1 . With sufficiently small grid lengths in the numerical simulation, this is also true for the comparison to which other values of the sound speedc are applied. Note that only one state in each length of 20 grids is shown in Figs. 2(b),(d) , and (f). Two critical densities,ρ c 1 andρ c 2 , are also given in Table 1 . They are related to the linearized equation
where ξ represents the perturbation as a density of the constant states ρ = ρ 0 and v = v 0 ≡ v e (ρ 0 ), 1ρ 1 andρ 2 fall outside the interval [ρ c 1 ,ρ c 1 ] , which explains why the equilibrium states of ρ = ρ 1 and ρ = ρ 2 (the corresponding velocities that satisfy v 1 = v e (ρ 1 ) and v 2 = v e (ρ 2 )) in the cluster structure are stable.
In summary, we prove that a wide cluster is truly a traveling wave solution to Eqs. (1) and (2) . The characteristic parameters of the solution are analytically determined and are in good agreement with the numerical results. The theory and the procedure can also be applied to study other higher-order traffic flow models, provided that their conservation forms can be defined.
